Abstract. The goal of this paper is to prove the well-posedness for the governing equations which are used for cylindrical cloaking simulation. A new time-domain finite element scheme is developed to solve the governing equations. Numerical results demonstrating the cloaking phenomenon with the cylindrical cloak are presented. We finally extend the analysis and simulation to an elliptical cloak model.
Introduction
The idea of invisibility cloaking using metamaterials got its start in 2006 when Pendry et al. [46] and Leonhardt [31] laid out the blueprints for making objects invisible to electromagnetic waves. In late 2006, a 2-D reduced cloak was successfully fabricated and demonstrated to work in the microwave frequency regime [48] . This is the first practical realization of such a cloak, and the result matches well with the computer simulation [16] performed using the commercial package COMSOL. The basic principle of Pendry, Schurig, and Smith's cloaking is to use the form-invariant property of Maxwell's equations under coordinate transformation to define the permittivity and permeability of the cloaking metamaterial. We want to note that essentially the same idea was discussed earlier by Greenleaf, Lassas, and Uhlmann [20] for electrical impedance tomography. Of course, there exist many other promising schemes for achieving invisibility cloaks by using metamaterials. Examples include a scheme based on optical conformal mapping [31] , one using anomalous localized resonance [41] , one based on special but object-dependent coatings [1] , and one using zero index metamaterials [24, 44] , etc.
Since 2006, the study of using metamaterials to construct invisibility cloaks of different shapes (e.g. [28, 34, 45, 52] ) has been a very hot research topic. Cloaks operating from microwave frequencies to optical frequencies have been investigated, more details and references on cloaking can be found in some recent reviews (e.g., [12, 21, 22, 51] ) and a recent book by Leonhardt and Philbin [32] . Numerical simulation [25, 35] plays a very important role in modeling of invisibility cloaks and validating theoretical predictions. Generally speaking, cloaking simulation boils down 544 JICHUN LI, YUNQING HUANG, AND WEI YANG to solving metamaterial Maxwell's equations in either frequency-domain or timedomain. Though there are many excellent publications on finite element analysis of Maxwell's equations (e.g., papers [7, 8, 10, 11, 13-15, 18, 27, 47, 49, 50, 53] , and books [17, 26, 35, 42] ), there has not been much mathematical analysis done for those cloaking models. In recent years, mathematicians have started investigating this fascinating subject, but most works are still limited to frequency-domain or the quasistatic regime by mainly solving the Helmholtz equation [2, 3, 5, 29, 30, 37, 39, 43] , the conductivity problem [4] , and the time-harmonic Maxwell's equations [6] . The advancement of broadband cloaks [23, 33, 40] makes time-domain cloaking simulation more appealing and necessary. The first experimental demonstration of a cloaking event in the time domain was present in 2012 [19] . This achievement is a significant step towards the development of full spatio-temporal cloaking. In our very recent paper [36] , we developed a time-domain finite element method to simulate a cylindrical cloak [52] , and carried out some mathematical analysis for this model. However, due to the complexity of the modeling equations, the rigorous analysis of the well-posedness was unsuccessful then. One of the major contributions of this paper is to complete the well-posedness study of the cylindrical cloak. Also, we propose a more efficient finite element scheme than the one proposed in our previous work [36] , because the new scheme only solves three unknowns instead of four.
The rest of the paper is organized as follows. We first describe the 2-D cylindrical cloak modeling equations in Section 2. Then in Section 3, we investigate the wellposedness of this model. Then we propose a new mixed finite element scheme for simulating the cylindrical cloak. Numerical results showing the cloaking phenomena obtained by the new scheme are illustrated in Section 4. In Section 5, we extend the well-posedness study to an elliptical cloak model [28, 45] . Numerical simulations of the elliptical cloak are also performed. We conclude the paper in Section 6.
The modeling equations
The cloak modeling is based on the Faraday's Law and Ampere's Law written as follows:
and the constitutive relations
where E E E and H H H are the electric and magnetic fields respectively, D D D and B B B are the electric displacement and magnetic induction respectively, ε and μ are cloak permittivity and permeability, respectively. For the cylindrical cloak, the ideal material parameters in the polar coordinate system are given by [46] :
where R 1 and R 2 are the inner and outer radius of the cloak. In this case, E becomes a 2-D vector, and H is a scalar, i.e., we can write E = (E x , E y ) and H = H z , where the subindex x, y or z denotes the component in each direction. Moreover, 
Because the material parameters given in (4) cannot be used directly to simulate the time-domain cloak, we have to map the parameters using the dispersive medium models. Here we consider the Drude model for the permittivity: 
where we denote D = (D x , D y ) , I 2 for the 2 × 2 identity matrix, and matrices
Similarly, we map the permeability using the Drude model [52] :
, and ω pm > 0 and γ m ≥ 0 are the magnetic plasma and collision frequencies, respectively. Substituting (8) into (3), we obtain
which in time-domain is equivalent to
In summary, the time-domain cylindrical cloaking model is composed of equations (1), (2) , (7), and (10), subject to proper boundary and initial conditions. To be more specific, inside the annulus R 1 ≤ r ≤ R 2 (i.e., the so-called cloaking 546 JICHUN LI, YUNQING HUANG, AND WEI YANG region), the governing equations are:
We assume that the perfectly conducting (PEC) boundary condition is imposed on the inner cylindrical boundary so that any object can be cloaked inside, since no wave can be penetrated into the inner circle (i.e., the so-called cloaked region).
Outside the cloaking region is the free space, which is governed by the standard Maxwell's equations in air. Note that when the physical parameters
the constitutive equations (5) and (9) become as
In this case, (13) and (14) are redundant, while (11) and (12) just become the standard Maxwell's equations in air:
i.e., the cylindrical cloaking model (11)- (14) is reduced to the simple Maxwell's equations in air. In the next section, we will study the well-posedness of this cloaking model.
The well-posedness of the cloaking model
To simplify the notation and analysis, in the rest of the paper we assume that
Multiplying (7) by μ 0 A, then differentiating the resultant with respect to t and using (2), we have
To simplify the notation, here and below we denote
and the k-th order partial derivative of a function u with respect to t as (10) and (1), we have
Taking curl of (16) and substituting the resultant into the right-hand side of (15), we have
First, we prove an interesting property of matrix M . Proof. By the definition of M A , it is easy to see that for any vector (u, v) , we have
which proves the non-negativeness of M A . Similarly, using the definitions of M A and M B , and the fact that ε φ > 1, we have
which shows the positive definiteness of
By Lemma 3.1, the matrix M is invertible, and its inverse is denoted as
Proof. Note that
from which we obtain its determinant det(
, and its inverse
which completes the proof.
To study the well-posedness, we will first rewrite the governing equations (16) and (17) into a weak formulation. The domain Ω is the annulus R 1 < r < R 2 , and the PEC boundary condition n × E = 0 is imposed on ∂Ω, where n denotes the unit outward normal to ∂Ω. Let us denote the spaces
Left multiplying (17) by M C and then by a test function φ ∈ H 0 (curl; Ω), and using integration by parts and similarly, multiplying (16) by a test function ψ ∈ L 2 (Ω), we obtain the following weak formulation: Find E, H such that
. (23) Below we first prove some bounds for the magnetic field H in terms of the electric field E.
Lemma 3.3. For any t ∈ (0, T ], we have
Proof. Multiplying (7) by M C and using the fact
Then multiplying this by D t and integrating over Ω, we have
Integrating (24) from 0 to t, and using Cauchy-Schwarz inequality to the righthand side of (24), we have
from which, the fact D t = ∇ × H, Lemma 3.1, and the Gronwall inequality, we conclude the proof. (23), and integrating from 0 to t, we have
Lemma 3.4. For any t ∈ (0, T ], we have
together with the Gronwall inequality, we have, for any t ∈ [0, T ],
With the above preparation, now we can prove the following stability.
Theorem 3.1. For the solution of (22) and (23) , the following stability holds true: (25) where constant C > 0, and the function
Proof. Choosing φ = E t 2 in (22), we obtain
and integrating from 0 to t, we have
Licensed 
into (27) , and denoting rhs(0) for those terms at t = 0, we obtain
Similarly, choosing φ = E in (22), we obtain
, and integrating from 0 to t, we have
Let ω min > 0 be a constant such that ω p ≥ ω min , we have
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then summing up (28) and (31), and using Lemmas 3.3 and 3.4 to bound those H terms, we conclude the proof.
Remark 3.1. The first constraint in (32) is used to make sure that the second term on the left-hand side (LHS) of (31) is positive; while the second constraint in (32) is needed to guarantee that the third term on the right-hand side of (31) is less than the first term on the LHS of (28) . When γ = 0, we just drop the multiplier 6γ 2 in (31), and simply choose δ 4 = 1 4 and δ 1 = δ 2 = 1 8 to guarantee the stability (25) . Note that (32) always holds true in practice. For example, in cylindrical cloak simulation (e.g., [36, 38] Finally, we can prove the existence and uniqueness of the solution for our cloaking model.
Theorem 3.2. For any t ∈ [0, T ], there exists a unique solution (E(·, t), H(·, t)) ∈ H 0 (curl; Ω) × H(curl; Ω) of (22) and (23).
Proof. Taking the Laplace transform of (15), we obtain
where F 0 (s) denotes all the terms related to initial conditions. Similarly, taking the Laplace transform of (16), we obtain
from which we obtain
where G 0 (s) denotes all the terms related to initial conditions. Substituting (34) into (33) to eliminateĤ, we obtain
Note that the matrix s(s + γ)I 2 + ω 2 p M A is symmetric positive definite, and we denote its inverse
, and rewrite (35) as
The weak formulation of (36): FindÊ ∈ H 0 (curl; Ω) such that
holds true for any φ ∈ H 0 (curl; Ω). The existence of a unique solutionÊ ∈ H 0 (curl; Ω) of (37) is guaranteed by the Lax-Milgram lemma if the matrix M D M C is symmetric positive definite, which will be proved below.
After some algebraic calculation, we obtain
Hence we have
where in the last step we used the fact that Using the facts that for any nonzero vector (u, v) ,
The existence and uniqueness ofĤ is implied from the existence and uniqueness ofÊ and (34). It is easy to see that (34) impliesĤ ∈ L 2 (Ω). Furthermore, through some algebraic calculation, we see that (33) is equivalent to
which implies that ∇ ×Ĥ ∈ L 2 (Ω). HenceĤ ∈ H(curl; Ω). The inverse Laplace transforms of functionsÊ andĤ are solutions of the time-dependent problem (22) and (23) . This completes the proof.
Numerical results
In this section we present some cloaking simulations obtained with the cylindrical cloaking model. Here we design a more efficient mixed finite element method than that proposed in our previous work [36] .
To solve our problem efficiently, we partition the physical domain Ω by a family of regular meshes T h with hybrid grids: triangles in both cloaking and free space regions; rectangles in the perfectly matched layer (PML) region. The PML concept was introduced by Berenger [9] in 1994 to simulate wave propagation problems with open boundaries. Since 1994 there have been many investigations of PML for both Maxwell's equations and other wave equations. We do not repeat the details about how to use PML for the cylindrical cloaking simulation, which were discussed in our previous work [36] . The specific cloaking simulation setup and a sample mesh are given in Figure 1 .
Denote τ for the time step size. With notations Below we present two examples. The first one is used to make sure that our new scheme can produce the same result as our old scheme [36] . The second one is a cloaking simulation obtained with an incident wave generated by a point source.
Example 1. The incident wave is generated by a plane wave H z = 0.1 sin(ωt) with ω = 2πf . The obtained electric fields E y at different time steps are presented in Figure 2 , which is consistent as our previous work.
Example 2.
In this example, the incident wave is generated by a point source H z = 0.1 sin(ωt) imposed at a point (0.078, 0.4). The electric fields E y at different time steps are presented in Figure 3 , which shows clearly that the incident wave after passing the cloaking region resumes the wave pattern in free space. Hence any object placed inside the cloak is undetected by the external electromagnetic waves. [46] (see also [35] ), an elliptical cloak can be similarly designed [28] . Consider an elliptical shell with semi-axes a and b in the y direction; and semi-axes ka and kb in the x direction; cf. Figure 4 . Here k denotes the axis ratio, and gives different cloaks: a horizontal elliptical cloak when k > 1, a vertical elliptical cloak when k < 1 and a circular cloak when k = 1.
In the elliptical cloak region (described by ka < r = x 2 + k 2 y 2 < kb), the relative permittivity and permeability can be expressed in the Cartesian coordinate system as: where
Here R = x 2 + k 4 y 2 . Detailed derivation can be found in [28] . Since is symmetric, it can be diagonalized by the eigenvalue matrix Λ and a corresponding orthogonal matrix P , i.e., = P ΛP T , where [45] :
Here we denote
Since λ 1 and λ 3 are less than one in the cloak region, they must be replaced by dispersive quantities such as the lossless Drude model:
, where ω is the angular frequency, ∞i is the permittivity at infinite frequency, and ω pi is the plasma frequency.
Using the constitutive equation D = 0 E and the decomposition = P ΛP T , we have License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 2 , which is partitioned by a regular triangular mesh. An exemplary coarse mesh is shown in Figure 4 . The mesh used for our simulation is obtained by uniformly refining this coarse mesh three times, and surrounded by a PML region with 12 rectangular cells of h = 0.00625 in each direction. The total numbers of triangular elements and rectangular elements are 64896 and 8400, respectively. The time step τ = 4 · 10 −13 s is used. The incident plane wave is given by H z = 0.1 sin(ωt). The electric fields E y obtained at different time steps are presented in Figure 5 , which shows the cloaking phenomenon clearly.
Conclusions
In this paper, we provide the well-posedness study of a 2-D cylindrical cloak modeling equations. Also, we propose a new mixed finite element scheme for simulating the cylindrical cloak. Numerical results showing the cloaking phenomena with cylindrical cloak are presented. Finally, we extend the well-posedness study to an elliptical cloak model. Numerical simulations of the elliptical cloak are also performed. Future works include extension of the proposed approach in this paper to the 3-D spherical cloak model given in [46] .
